Abstract
Introduction
In the last few years, quasi-one-dimensional strongly correlated electron systems are one of the most interesting topics in the condensed matter physics. These systems are closely related to the high-T C cuprates and studies on them may shed light on mechanism of the high-T C superconductivity. Recently, however, it has been recognized that, besides relationship with the high-T C cuprates, electron systems in quasi-one-dimensional space exhibit very interesting behaviors themselves which are to be investigated [1] .
In this paper, we shall study spin- 1 2 antiferromagnetic(AF) Heisenberg models on ladders. At present it is well-established that quantum spin- 1 2 systems have gapless excitations on odd-number-leg ladders whereas only gapfull excitations on even-numberleg ladders. This fact has been shown by numerical calculations and experiments, and understood by analytical studies through the nonlinear-sigma model approach [2] .
Bosonization is also useful for (quasi-)one-dimensional electron systems. Among studies by the bosonization, Shelton, Nersesyan and Tsvelik showed that massive excitation in the 2-leg spin ladder is described by massive Majorana fermions [3] . They started with two decoupled Hubbard chains with belief that low-energy excitations of the repulsive Hubbard chain are described by the AF Heisenberg chain, and then studied effects of the inter-chain interaction between spins by perturbation. Later it was verified that their theory explaines experiments very well [4] . However, we encounter difficulties in deriving their results by straightforward use of bosonization formulas. Especially we cannot obtain their expressions for the staggered part of the local-spin density (Eq.(A18) in Ref. [3] ) which plays an essentially important role to derive the effective Hamiltonian of inter-ladder interaction (Eqs. (7) and (8)). This is one of our motivations to study the AF Heisenberg models on ladders in more systematic and detailed manner.
We shall directly study the Heisenberg models though most of theoretical studies are given for the Hubbard models [5] . To this end we employ a gauge-theoretical description of the AF Heisenberg model which is obtained by a mean-field type decoupling with keeping phase degrees of freedom of "mean fields" as dynamical variables. Very recently similar investigation on 2-leg quantum spin ladder was given by Hosotani [6] . However, we think that results of that investigation are not physically acceptable. This point will be discussed later on. This paper is organized as follows. In Sect.2, we shall give the gauge-theoretical description of the AF Heisenberg model on 2-leg ladder. Spin operators are expressed by spin- 1 2 fermion bilinears and decoupling of the intra-chain spin-spin interaction is performed. We keep phase degrees of freedom of link auxiliary fields which are regarded as gauge fields. We intergarte out high-momentum modes of fermions and verify that Maxwell term of gauge fields appears. Low-momentum effective theory is nothiing but a Schwinger model of multi-flavor fermions. Then by using bosonization, we shall study effects of inter-chain interaction rather in detail. There zero modes of boson field for bosonization play an essential important role, and because of them we derive the results in Ref. [3] .
In Sect.3, we shall study the 3-leg quantum spin ladder. Especially we forcus on low-energy excitations on the top and bottom chains. We use the same method of bosonization in the 2-leg case but we have to introduce redundant boson fields in order to separate physical excitations. To recover the original 3-leg spin system, we impose local constraints. We study how these constraints influence low-energy excitations by integrating out massive modes and show that two boson fields remain massless and they describe low-energy excitations in the 3-leg spin ladder. We also consider effects of spin-spin interactions (both ferromagnetic and antiferromagnetic couplings) between spins on the top and bottom chains and show that the system acquires an energy gap above some critical coupling. This prediction should be checked by numerical calculation etc. Section 4 is devoted for discussion and conclusion.
AF Heisenberg model on 2-leg ladder
Hamiltonian of the l c -leg spin-ladder system is given as follows,
where site on l c -leg ladder is labeled as (i, r = 1, ..., l c ). The operator S i,r is the spin operator with the magnitude 1 2 , and we express it in terms of fermions ψ i,r = (ψ α i,r ) (α = 1, 2 or ↑, ↓),
with constraint
where σ is the Pauli spin matrices. In the expression in terms of the fermions, the Hamiltonian is invariant under a local "gauge" transformation,
Actually quantum spin systems can be described by gauge theories. This was first shown for the chain case in Ref. [7] and very recently for ladder case in Ref. [6] . However results in Ref. [6] do not agree with those in Ref. [3] , and then we shall revisit this system in this section.
The following identity is easily verfied
We consider the case J/J ′ > 1 and start with decoupled Heisenberg chains. For each chain we introduce auxiliary link field U i,r and Lagrangian of the spin-chain system is given as (in the imaginary time formalism),
We can determine amplitude of the link field U = |U i,r | by the mean-field calculation.
In this paper we consider chain and ladder of finite length N and impose periodic boundary condition for the spin variables S − N 2 ,r = S N 2 ,r . By straightforward calculation we obtain U = 1 π for sufficiently large N. We shall take into account effect of phase degrees of freedom of U i,r and parameterize it as
where a is the lattice spacing and A µ . Therefore we include this term. After rescaling the fermion fields, the following 2-dimensional U(1) gauge theory is obtained as a low-energy effective field theory of the quantum spin chain
where the coupling constant e 2 is a function of J, a and Λ, 8) and γ-matricies are explicitly given by the Pauli matrices as γ 0 = σ 1 , γ 1 = σ 2 and therefore γ 5 = σ 3 .
The Schwinger model (2.7) can be solved by bosonization technique [8] . Bosonization formula is given as
where N m is the normal-ordering operator with mass m and commutation relations
and C's are functions of p's which make the fermion fields ψ rνα (t, x) satisfy the canonical anticommutation relations (CAR).
In the rest of this section, we shall consider the two-leg ladder case, i.e., r = 1, 2.
Hamiltonian in terms of bosons is easily obtained from (2.7) and (2.9). As in the usual cases, it decouples into charge and spin parts. It is also shown that the gauge fields A and its conjugate P r,W .
where c = aJ/π and
and neutrality condition, which is obtained by varying the action with respect to A (r) 0 , is given as
From (2.10), it is obvious that excitations in the charge sector acquire mass by the gauge interaction and do not include low-energy modes.
It is convenient to introduce fermions for spin and charge degrees of freedom,
where
14)
likewise for p and
In Appendix A, C's are explicitly given, and with them it is verified that ψ amν 's satisfy the CAR. Then it is shown that spin-part Hamiltonian (2.11) is nothing but that of free massless Dirac fields ψ ±S = (ψ ±SR ψ ±SL ).
Let us consider the inter-chain interaction. Continuum limit of the spin operators S i,r are given in terms of low-energy fermions as follows,
where smooth part of the SU(2) currents are given as
and staggered part is
In terms of these operators, the inter-rung Hamiltonian is expressed as
From (2.9) and (2.10), it is easily seen that the J-term in (2.20) is marginal whereas the n-term is relevant. Therefore we shall consider effects of the n-term first. In term of the fermions ψ amν defined by (2.13), the relevant interaction term is written as 
where · · · σ 0 etc. denote expectation value evaluated with putting σ = σ 0 etc. in
23). Evaluation of the LHS on (2.25) is straightforward in terms of
Majorana fermion representation of H 0S . Majorana fermions are defined as From the constraints (2.12), the Hamiltonian H 0C is given as
Zero-mode part of the wave function of the above Hamiltonian is labeled by integers (p R+C = n + , p R−C = n − ) and wave function is explicitly given as
If there is no mass term of fermions ψ ±Cν , the above states |n + , n − are degenerate.
The mass term,
has nonvanishing matrix element between the states with different (n + , n − ):
etc. Then we should define the θ-vacuum by taking linear combination of them,
Including the contribution from the nonzero modes, we evaluate the matrix element in the θ-vacuum as follows, on the values of the θ's. It has the largest value for θ + = θ − = ±π/2, at which the ground state energy of the system has the lowest value. The final result is
Low-energy Hamiltonian of the spin sector is then given by
The same Hamiltonian with the above was obtained by Shelton et.al. Recently Hosotani studied quantum spin ladder by a similar method with ours, but he did not obtain the above result [6] . In his approach, nearest-neighbor(NN) fermions in the real space are paired in order to obtain relativistic Dirac fermions, though we have paired right-moving and left-moving fermions near the Fermi points in the momentum space, as it should be. We are not quite certain if real-space paring gives correct continuum limit which describes low-energy excitations. We also suspect that the bosonized expression of inter-chain interaction is not correct. This may be connected with the above problem. The inter-chain interaction should contain not only the scalar fields φ α but also the dual scalar fieldsφ α because of the term (S 
AF Heisenberg model on 3-leg ladder
In the previous section, we studied low-energy excitations in 2-leg spin ladder. In this section, we shall apply similar analysis to the 3-leg case in which excitations are expected as gapless. Hamiltonian is given by (2.1) with l c = 3, and the same gaugetheoretical description is possible for each chain. Most relevent inter-chain interaction is described by a similar Hamiltonian to the n-term in (2.20),
Then it is convenient to introduce the following boson fields which describe excitations in the (1-2) chains, etc.,
where the zero modes are defined in the same way. We shall consider only spin excitations and have omitted subscript "S", i.e., φ r = (φ r↑ − φ r↓ )/ √ 2 (r = 1, 2, 3) in 
The A, B part of the above Hamiltonian is the same with that in the 2-leg case and
. The H ±C is the system of massless fermions (i.e., H 0S ). In the above expression (3.3), (3.4) and (3.5), we have neglected the marginally relevant interactions of fermions which appear from J -terms in the inter-chain interaction. These terms cannot be neglected in the present 3-leg system and we shall discuss it later on.
From (3.2), it is obvious that not all the bosons ϕ ±X or fermions Ψ ±X are independent. We have to impose the following constraints:
and similarly for zero modes. These constraints can be rewritten in terms of fermions by using the following identities,
Through the above terms, A, B and C fermions are interacting with each other.
We are interested in how the constraints (3.8) influence low-energy excitations,
i.e., the C fermions which are gapless if we ignore the constraints. To this end, we shall use a similar argument as in the study of the nonlinear-σ model, i.e., we integrate out the massive fermions Ψ ±Aν and Ψ ±Bν and see whether mass terms of the Lagrange multiplyers appear or not. If mass terms of λ iν are generated, the constraints (3.8) tend to irrelevant for low-energy excitations, whereas if λ iν remains massless the constraint is intact.
The action of the +A-sector S +A is written as
where we put x 0 = cτ /2 and
Then effective potential of the λ iν is obtained as
The action of the −A-sector is given in terms of Majorana fermions defined by
and
Then contribution from the −A-section to the effective potential of the λ iν is obtained
Similarly contributions from +B, −B-sectors are evaluated as
Then the potential is given as
where λ i = (λ iR λ iL ) and Γ 0 = σ 1 .
As we mentioned before, there are also contributions from marginally relevent fourFermi interactions which are generated by the smooth part of the spin interactions, renormalization effect of high-momentum modes, etc. We first ignore their effects.
Then we intergate over the field λ 1 in S ef f and obtain
Then action of the C-sector is obtained as follows:
26)
By straightforward calculation, it is verfied that the mass matrix of the fields λ 2,3 in (3.26) and (3.27) has positive eigen-values for the coefficients (3.25), and then λ 2,3
can be integrated out. Marginally relevant terms appear like Ψ † +CR Ψ +CR Ψ † +CL Ψ +CL but the C-sector still remains gapless. The investigation given so far shows that spin excitations on the top and bottom chains are gapless and described by two massless boson fields ϕ ±Cν , though excitations in the middle chain have a gap.
We shall comment on effect of the marginal interactions which we have ignored so far. As in the 2-leg case, the SU(2) current I l ν is given as follows in terms of the spin-triplet Majorana fermions,
where ǫ lmn is the antisymmetric tensor. Then interaction terms are given as
where g 1 and g 2 are coupling constants. Similar interactions appear for the (2-3) chains i.e., the ±B sector and also terms like I l AR I l BL , etc. It is obvious that these interactions also generate mass matrix of the multiplyers λ iν through bubble diagrams. We do not give detailed calculations of these diagrams but we believe that in wide region of the parameter space of (g 1 , g 2 ) existence of the interactions (3.30) etc.
does not change the above result and excitations on the top and bottom chains are described by the two massless scalar fields ϕ ±C .
Let us consider how the gapless modes on the top and bottom chains evolve in the presence of inter-chain interactions between these chains, i.e., we add the following term to the Hamiltonian,
(3.31)
From the discussion given so far, one may think that the gapless modes acquire a gap and low-energy excitations are described by spin-triplet Majorana fermions.
However here again careful study on the zero-modes of the bosons of the bosonization is required since the θ-terms of the A, B, C-sectors are not independent with each other. It is easily proved that θ's must satisfy constraints similar to Eq.(3.6),
From (3.32), it is obvious that for θ ±A = θ ±B = ± To this end we ignore the constraints (3.8) as we can expect that these constraints are irrelevant for low-energy excitations. From (3.32) independent variables are, e.g., θ +A , θ +B and θ +C . We futhermore require the symmetry between the first and the third chains, i.e., we take θ +A = θ +B . Then the effective potential is obtained as follows by intergating over the fermions Ψ ±A,B,C ;
From (3.33), (3.34) and the fact that f (x) = x(ln x − 1) is a decreasing function for x < 1, it is obvious that V eff has the minimum at θ +A = θ +B = ± π 2 and θ +C = ±π for J ′′ = 0 as in the 2-leg case. We shall study the stability of this θ-vacuum in the presence of the J ′′ coupling.
We have numerically studied the effective potential V eff in the whole region of θ +A and θ +C and found that the absolute minimum stays at (θ +A , θ +C ) = (
, π) for small values of J ′′ . However at some value of J ′′ , the absolute minimum starts to move away from that point continuously. In order to study this behavior more precisely, let us introduce variable δ's and parametrize θ's as,
We assume (A − B) symmetry, i.e., δ A = δ B . Then the masses are given as a function of δ's as
From (3.36), it is expected that the absolute minimum exists close to the line δ A = δ C /2. Then let us study V eff on the line δ A = δ C /2. Numerical calculations are shown in Fig.1 .
The calculation of the effective potential in Fig.1 
Conclusion
In this paper, we discussed low-energy excitations in the AF Heisenberg model on 2-leg and 3-leg ladders. We used gauge-theoretical description of quantum spin chain and bosonization method. It was shown that in the 2-leg system low-energy excitations are described by spin-triplet and spin-singlet Majorana fermions. In order to obtain this result, the zero-modes in the bosonization play an important role. Our study justifies the results obtained by Shelton et.al. in Ref. [3] . Then we apply the same method to the 3-leg case and showed that excitations on the top and bottom chains are described by two massless scalar fields.
One may wonder how our method is applied to the 4-leg system. In order to obtain a low-energy effective field theory, we first integrate out high-momentum modes in the original lattice system. In the 2-leg and 3-leg cases, this procedure is rather straightforward. However in the 4-leg case, it is naturally expected that nontrivial renormalization of the inter-chain couplings appears, i.e., the couplings J 12 and J 34 develop and J 23 tends to small. In low-energy states, spin-singlet pairs form on the (1 − 2) and (3 − 4) ladders respectively. Then it is natural to describe low-energy excitations on the 4-leg ladder by starting with the system of two decoupled 2-leg ladders. At present this problem is under study and results will be reported in a future publication.
A Explicit form of C's
In this appendix, we shall give one of the possible choice of operators C which appear the bosonization formulas (2.9) and (2.13), 
Figure Caption
The effective potentials V eff as a function of δ A , for J ′′ /J ′ = 0.3, 0.6 and 0.9. It is observed that the minimum exists at δ A = 0 at small values of J ′′ /J ′ , whereas at some value of J ′′ /J ′ the point δ A = 0 becomes unstable. Phase transition occures and the system has an energy gap in the new phase.
